DC conductivities and Stokes flows in Dirac semimetals by Rogatko, Marek
ar
X
iv
:1
91
0.
04
48
4v
1 
 [h
ep
-th
]  
10
 O
ct 
20
19
Prepared for submission to JHEP
DC conductivities and Stokes flows in Dirac
semimetals
Marek Rogatko1
Institute of Physics
Maria Curie-Skłodowska University
20-031 Lublin, pl. Marii Curie-Skłodowskiej 1, Poland
Abstract: In the holographic model of Dirac semimetals being the Einstein-Maxwell scalar
gravity with the auxiliary U(1)-gauge field, coupled to the ordinary Maxwell one by kinetic
mixing term, the black brane response to the electric fields and temperature gradient
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1 Introduction
There has been observed a major resurgence of theoretical interests in connections among
theories of gravity and Navier-Stokes equations governing fluid dynamics, being the de-
velopment of the idea of the so-called black hole membrane paradigm [1]. Approximate
solutions of the gravity theory relations were achieved by solving relativistic hydrodynam-
ics equations, by the derivative expansion. Moreover the Navier-Stokes equations begun
to attract more attention in strongly correlated systems, via AdS/CFT correspondence [3]-
[4]. In [5] the equations of relativistic hydrodynamics were reduced to the incompressible
Navier-Stokes equation in a particular scaling limit. Implementation of this scaling limit to
holographically induced fluid dynamics enabled to find gravity dual descriptions of an ar-
bitrary solution of the forced non-relativistic incompressible Navier-Stokes equation. In [6]
the hydrodynamics of relativistic conformal fluid at finite temperature was studied. Among
all it was revealed that for viscous hydrodynamics in the limit of slow motion, equations
could be cast to non-relativistic, incompressible Navier-Stokes ones. On the other hand,
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it was shown [7] that such kind of relations could be derived from black hole membrane
dynamics.
In [8] it was shown how the solutions of Navier-Stokes equations on hypersurface in
Minkowski spacetime lead to the solutions of Einstein theory of gravity.
In the near-horizon and non-relativistic limits it was found that the perturbations effects
in massive gravity in the bulk could be governed by incompressible Navier-Stokes equation
[9]. The implications of the certain modes to the vacuum solutions being consistent with
the hydrodynamic scaling, was elaborated in [10]. It happens that the inclusion in question
corresponds to the solutions with certain types of matter. This fact reveals that gravity
has description not only on null surfaces but also on timelike ones. The new setting of
Navier-Stokes equations problem was delivered in [11], where a metric constructed with a
help of the scaling and symmetry properties Navier-Stokes relations was proposed.
Recently it has been also revealed in Einstein-Maxwell scalar gravity with a potential,
holographically dual to the conformal field theory, in an asymptotically AdS spacetime, that
DC-conductivities can be found by solving the Stokes-like equation on the black hole event
horizon [12, 13]. The non-vanishing magnetic field in the theory in question was treated in
[14].
The obtained results revive the ones obtained by the concept of holographic Q-lattice
used in studies of DC transport coefficients. Axion-like fields enable to break the translation
invariance, delivering the mechanism for momentum dissipation and leading to the finite
value of DC coefficients. Interesting results using this technique for various models and
strength of dissipation were achieved [15]-[23]. The studies in question were also elaborated
in higher derivative gravity background [24] and in Gauss-Bonnet-Maxwell scalar theory
with momentum relaxation [25].
Our work will authorise the generalisation of the studies presented in [12, 13] to de-
scribe CD thermoelectric conductivities in holographic Dirac semimetals, described on the
gravity side by Einstein-Maxwell scalar gravity with auxiliary U(1)-gauge field coupled to
the Maxwell one by the so-called kinetic mixing term. Using foliation of the spacetime
with hypersurfaces of constant r, we find the momentum constraints and derive the Stokes
equations in terms of the linearised perturbation data on the black brane event horizon.
Solving these equations in the next step and finding the form of DC thermoelectric conduc-
tivity currents, we read off the adequate thermoelectric coefficients for the holographic Dirac
semimetals. The principal objective of our studies is to reveal the influence of the auxiliary
field, from the hidden sector and α-coupling constant on the thermoelectric conductivities
in Dirac semimetals.
The paper is organised as follows. In section 2 we present the model of AdS Einstein-
Maxwell scalar gravity with additional U(1)-gauge field coupled to the ordinary one via the
so-called kinetic mixing term. In section 3 the Arnowitt-Deser-Misner (ADM) formalism for
the gravity model in question is elaborated. We study the case of the spacetime foliation
by hypersurfaces of constant r. Finding the momenta connected with the fields in the
theory, by Legendre transformation, we build the Hamiltonian and obtain the Hamilton
equations on motion. Section 4 will be devoted to linear perturbations of the black brane
spacetime and the construction of gauge and heat currents, on the event horizon of the black
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object. In section 5 we derive the Stokes equations on the black brane event horizon, for
an incompressible doubly charged fluid. Next one studies their main features. In section 6
we present the example of finding the CD thermoelectric conductivities obtained by solving
the linearised, time-independent, forced Stokes equations, in the case of one-dimensional
Q-lattice. We end up with summary and conclusions.
2 Background holographic model
In our paper we deal with the generalisation of the previously studied models [12, 13],
by adding two interacting U(1)-gauge fields, in order to find the influence of them on DC
thermoelectric transport coefficients and to compare with the existing results. In our model
the gravitational action in (3 + 1)-dimensions is taken in the form
S =
∫ √−g d4x (R+ 6
L2
− 1
2
∇µφ∇µφ− 1
4
FµνF
µν − 1
4
BµνB
µν − α
4
FµνB
µν
)
, (2.1)
where φ is the scalar field, Fµν = 2∇[µAν] stands for the ordinary Maxwell field strength
tensor, while the second U(1)-gauge field Bµν is given by Bµν = 2∇[µBν]. α is a cou-
pling constant between both gauge fields. L is the radius of AdS-spacetime. The coupling
constant is denoted by α.
The justifications of such kind of gravity with electromagnetism coupled to the other
gauge field exonerate from the top-down perspective [26]. Namely, starting from the
string/M-theory the reduction to the lower dimensional gravity is performed. It relevant in
the holographic correspondence attitude, because the theory in question is a fully consistent
quantum theory (string/M-theory) and this fact guarantees that any predicted phenomenon
by the top-down theory will be physical.
In the considered action (2.1) we have to do with the second gauge field coupled to
the ordinary Maxwell one. This field is connected with the so-called hidden sector [26].
The term describing interaction of visible (Maxwell field) sector and the hidden U(1)-gauge
field is called the kinetic mixing term. For the first time such types of terms were revealed
in [27], in order to describe the existence and subsequent integrating out of heavy bi-
fundamental fields charged under the U(1)-gauge groups. Predicted values of α-coupling
constant, being the kinetic mixing parameter between the two U(1)-gauge fields, for realistic
string compactifications range between 10−2 and 10−16 [28]-[31].
The notion of the hidden sector stems from theories in which in addition to some visible
gauge group we can encounter an additional gauge group in the aforementioned sector. For
instance, the compactified string or M-theory solutions generically result in arising hidden
sectors, which encompass at minimum the gauge fields and gauginos. It is caused by the
various group factors contained in the gauge group symmetry of the hidden sector. In the
low-energy effective theory, the hidden sector comprehend states that are uncharged under
the Standard Model symmetry group. On the contrary, they are charged under their own
groups. On the other hand, hidden sectors interact with the visible ones via gravitational
interaction. The interesting problem of the portals to our visible sector was discussed in
[32]-[33].
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The presented model has its justification in string/M-theory, where the mixing portal
(term which couples Maxwell and the additional U(1)-gauge field) arises in open string
theory. Gauge states are supported by D-branes separated in extra dimensions [26], in
supersymmetric Type I, Type II A, Type II B models, where the massive open strings stretch
between two D-branes. The massive string/brane states existence connect the different
gauge sectors. The other cognisance of the above scenario can be achieved by M2-branes
wrapped on surfaces which intersect two distinct codimension four orbifolds singularities.
It happened that the natural generalisation can be carried out in M, F-theory and heterotic
string models.
Many extensions of the Standard Model contain hidden sectors that have no renor-
malizable interactions with particle of the model in question. The E8 × E8 string theory,
being the realistic embeddings of the Standard Model and in type I, IIA, or IIB open string
theory with branes, require the existence of the hidden sectors for the consistency and su-
persymmetry breaking [29]. The most generic portal emerging from the string theory is the
aforementioned kinetic mixing one.
The important fact is that the kinetic mixing term may contribute significantly and
dominantly to the supersymmetry breaking mediation [28, 34], proceeding in contributions
to the scalar mass squared terms proportional to their hypercharges [28].
It happens that in string phenomenology [29] the dimensionless kinetic mixing term
parameter α can be produced at an arbitrary high energy scale and it does not deteriorate
from any kind of mass suppression from the messenger introducing it. Due to the fact that
its measurement can provide some interesting features of high energy physics beyond the
range of the contemporary colliders, this fact is o great significance for future experiments.
One also should remark that the model with two coupled vector fields, was used in
a generalisation of p-wave superconductivity, for the holographic model of ferromagnetic
superconductivity [35] and, without kinetic mixing term, for the description of the thermal
conductivity in graphene [36]. Various other settings of the model in question were described
in [37]-[50], where among all it mimicked dark matter sector influences on the properties
of superconductors and superfluids, with or without taking additional assumptions about
symmetries and chiral anomalies.
Variation of the action S with respect to the metric, the scalar and gauge fields yields
the following equations of motion:
Gµν − gµν 3
L2
= Tµν(φ) + Tµν(F ) + Tµν(B) + α Tµν(F, B), (2.2)
∇µFµν + α
2
∇µBµν = 0, (2.3)
∇µBµν + α
2
∇µFµν = 0, (2.4)
∇µ∇µφ = 0, (2.5)
where we have denoted by Gµν the Einstein tensor, while the energy momentum tensors
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for the fields in the theory are given by
Tµν(φ) =
1
2
∇µφ∇νφ− 1
4
gµν ∇δφ∇δφ, (2.6)
Tµν(F ) =
1
2
FµδFν
δ − 1
8
gµν FαβF
αβ , (2.7)
Tµν(B) =
1
2
BµδBν
δ − 1
8
gµν BαβB
αβ, (2.8)
Tµν(F, B) =
1
2
FµδBν
δ − 1
8
gµν FαβB
αβ. (2.9)
For the gauge fields in the considered theory we assume the following components:
Aµ dx
µ = at dt, Bµ dx
µ = bt dt. (2.10)
3 Arnowitt-Desser-Misner formalism
In this section we present the basic idea for the (3+1) formalism for the Einstein-Maxwell-
scalar theory with additional U(1)-gauge field, coupled to the ordinary Maxwell one. The
formalism in question considers the four-dimensional spacetime foliated by three-geometries
of constant r-coordinate. On three-dimensional hypersurfaces the induced metric may be
written as hab = gab − nanb. The line element is of the form as
ds2 = N2dr2 + hab(dx
a +Nadt)(dxb +N bdt), (3.1)
where N is the lapse function while Na stands for the shift vector for the constant r-
coordinate hypersurface in the underlying manifold. It turns out that the spacetime ge-
ometry can be described in terms of the intrinsic metric and the extrinsic curvature of a
three-dimensional hypersurface, N and Na relate the intrinsic coordinate on one hypersur-
face to the intrinsic coordinates on a nearby hypersurface. The general covariance allows
the great arbitrariness in the choice of aforementioned functions Nµ = (N, Na).
In the canonical formulation of the Einstein-Maxwell scalar gravity with additional
gauge field, the point in the phase space corresponds to the specification of the fields
(hab, π
ab, A˜i, B˜i, φ, Ei, Bi, E) on a three-dimensional Σr manifold, where hab denotes
induced Riemannian metric on Σr, A˜i and B˜i are U(1)-gauge fields on the three-dimensional
manifold, while Ei and Bi are respectively, Maxwell, auxiliary gauge electric fields in the
evolved spacetime. They constitute tensor densities quantities and imply the following
relations:
Ek =
√
−h Fµk nµ, (3.2)
for the Maxwell electric field, while for the dark matter sector electric field Bi, one obtains
Bk =
√
−h Bµk nµ. (3.3)
ON the other hand, for the scalar field one has that
E =
√
−h ∇µφ nµ, (3.4)
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where in all the cases nµ constitutes the unit normal vector to the hypersurface Σr of
constant r, in the underlying spacetime.
The Lagrangian density of Einstein double U(1)-gauge scalar gravity is subject to the
relation
L = N
√
−h
[
(3)R − KabKab +K2 − 1
4
(
FabF
ab +
2
(−h)EiE
i
)
(3.5)
− 1
4
(
BabB
ab +
2
(−h)BiB
i
)
− α
4
(
FabB
ab +
2α
(−h)EiB
i
)]
,
where Kab denotes the extrinsic curvature, while
(3)R is three-dimensional Ricci scalar.
In order to obtain the corresponding field momenta, one ought to perform variation of
the underlying Lagrangian with respect to ∇rhab, ∇rπab, ∇rA˜i, ∇rB˜i, where ∇r denotes
the derivative with respect to r-coordinate.
It leads respectively to the relation for gravitational momentum
πab = −
√
−h
(
Kab − habK
)
. (3.6)
Consequently, for the momentum responsible for U(1)-gauge fields one obtains
πk(F ) =
δL
δ(∇rA˜k)
= −Ek − α
2
Bk, πk(B) =
δL
δ(∇rB˜i)
= −Bk − α
2
Ek, (3.7)
while for the scalar field φ, it yields
π(φ) =
δL
δ(∇rφ) = −E. (3.8)
The Hamiltonian for the considered theory with auxiliary gauge field will be defined
by the Legendre transform. It is given by
H = πij ∇0hij + πi(F ) ∇0A˜i + πi(B) ∇0B˜i − L (3.9)
= Nµ Cµ + A˜r
˜˜A+ B˜r
˜˜B +Hdiv,
where Hdiv is the total derivative and has the form as follows:
Hdiv = Dk
(
A˜r π
k
(F ) + B˜r π
k
(B)
)
+ 2Da
(Nbπab√−h
)
, (3.10)
where Dm denotes the covariant derivative with respect to the metric hab, on the hypersur-
face Σ.
In our considerations we shall deal with the so-called asymptotically flat initial data,
i.e., one has to do with an asymptotic region of hypersurface Σr, which is diffeomorphic to
R
3 − B, where B is compact. Moreover, the fall-off conditions for the fields in the phase
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space imply
hab ≈ δab +O
(1
r
)
, (3.11)
πab ≈ O
( 1
r2
)
, (3.12)
A˜i ≈ O
(1
r
)
, B˜i ≈ O
(1
r
)
, (3.13)
Ei ≈ O
( 1
r2
)
, Bi ≈ O
( 1
r2
)
, (3.14)
φ ≈ O
( 1
r2
)
, E ≈ O
( 1
r2
)
. (3.15)
The standard asymptotic behaviour of the lapse function is provided by N ≈ 1 +O(1/r),
while shift function behaves as Na ≈ O(1/r). Because of the fact that the r-component of
U(1) gauge fields A˜r, B˜r do not posses associated kinetic terms, we can consider them as
Lagrange multipliers, being subject to the generalised Gauss laws provided by
˜˜A = −Dkπk(F ) = 0, ˜˜B = −Dkπk(B) = 0. (3.16)
On the other hand, the components Cµ imply the relations as follows:
C0 =
√−h
4
(
FabF
ab +BabB
ab + α FabB
ab + 2DaφD
aφ
)
− 1
2
√−h
(
EkE
k +BkB
k + α EkB
k + E2
)
(3.17)
+
√
−h
(
− (3)R+ 6
L2
−
( 1
(−h)πijπ
ij − 1
2(−h)π
2
))
,
Ca = −
(
BakB
k +
α
2
BakE
k + FakE
k +
α
2
FakB
k +DaφE
)
(3.18)
− 2
√
−hDa
(Nbπab√−h
)
.
The evolution equations for the theory in question may be formally derived by considering
the volume integral contribution to the Hamiltonian [51], denoted by Hv, which has pure
constraint form, provided by
Hv =
∫
Σ
dΣ NµCµ. (3.19)
Finding arbitrary infinitesimal variations (δhab, δπab, δA˜i, δB˜i, δφ, δEi, δBi, δE), after
integration by parts, we obtain the change of the Hamiltonian Hv caused by the variations
in question, given by
δHv =
∫
Σ
dΣ
(
P ab δhab +Q
ab δπab +R
i δA˜i + P
i δB˜i + S
i δEi +Q
i δBi
)
. (3.20)
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The evolution equations for the considered system yield
h˙ab =
δHv
δπab
= Qab, π˙ab = − δHv
δhab
= −Pab, (3.21)
E˙k = −δHv
δA˜k
= −Rk, ˙˜Ak = δHv
δEk
= Sk, (3.22)
B˙k = −δHv
δB˜k
= −Pk, ˙˜Bk = δHv
δBk
= Qk, (3.23)
E˙ = −δHv
δφ
= −Z, φ˙ = δHv
δE
=W. (3.24)
where we have denoted
P ab = N
√
−h wab −Nm
(
Bm
aBb +
α
2
Bm
aEb + Fm
aEb +
α
2
Fm
aBb
)
+Na Dbφ
+
√
−h
(
habDmDmN −DaDbN
)
−LN iπab, (3.25)
Qab = − N√−h
(
2πab − πkk hab
)
+ LN ihab, (3.26)
Ri = −
√
−h Da
[
N
(
F ai +
α
2
Bai
)]
+ LN i
(
Ei +
α
2
Bi
)
, (3.27)
P i = −
√
−h Da
[
N
(
Bai +
α
2
F ai
)]
+ LN i
(
Bi +
α
2
Ei
)
, (3.28)
Sk =
−N√−h
(
Ek +
α
2
Bk
)
−
(
LN iA˜k +
α
2
LN iB˜k
)
−Dk
(
NA˜r
)
− α
2
Dk
(
NB˜r
)
,(3.29)
Qk =
−N√
h
(
Bk +
α
2
Ek
)
−
(
LN iB˜k +
α
2
LN iA˜k
)
−Dk
(
NB˜r
)
+
α
2
Dk
(
NA˜r
)
, (3.30)
W = Na Daφ, (3.31)
Z = Dm
(
Nm E
)
. (3.32)
On the other hand, for the quantity wab, entering (3.25), we have the following relation:
wab = − 1
(−h)
(
2πajπ
bj − πmmπab
)
+
1
2
hab
(
πijπ
ij − 1
2
πm
mπk
k
)
+ (3)Rab − 1
2
hab(3)R+
3
L2
+
hab
8
(
FijF
ij +BijB
ij + αFijB
ij + 2DmφD
mφ
)
(3.33)
+
1
2
(
F ajBj
b +BajBj
b + αF ajBj
b +DaφDbφ
)
+
hab
4(−h)
(
EkE
k +BkB
k + αEkB
k + E2
)
− N
2(−h)
(
EaEb +BaBb + αEaBb
)
.
In the above formulae, LN iEk, as well as LN iBk and LN iπab denote the Lie derivatives of
tensor densities and take the forms as
LN iEk =
√
−h N cDc
( Ek√−h
)
− EcDcNk + EkDcN c, (3.34)
LN iBk =
√
−h N cDc
( Bk√−h
)
−BcDcNk +BkDcN c, (3.35)
LN iπab =
√
−h N cDc
( πab√−h
)
− 2πc(aDcN b) + πabDcN c, (3.36)
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while, LN iA˜k, LN iB˜k and LN ihab correspond to the ordinary Lie derivatives.
The quantities Nµ, A˜0, B˜0 are viewed as non-dynamical variables which are not repre-
sented in the phase space of Einstein-Maxwel scalar auxiliary U(1)-gauge theory. It enables
us to designate them arbitrarily. The choice of Nµ is caused by the evolution of the con-
sidered system one looks for. On the other hand, A˜r and B˜r one restricts to the case when
r-coordinates tends to infinity.
4 Black brane spacetime
In the our analysis we consider the line element of a charged under two U(1)-gauge groups,
static black brane
ds2 = −U(r)G(r, xi)dt2 + F (r, xi)dr
2
U(r)
+ ds2(Σ2), (4.1)
where Σ2 stands for the two-dimensional hypersurface at chosen r-coordinate. As in [12, 13],
the line element at r →∞ approaches the AdS boundary with the following conditions:
U → r2, F → 1, G→ G(x), gij → r2 g¯ij (4.2)
at(r, xi)→ µ(x), bt(r, xi)→ µd(x), φ(r, xi)→ r∆−3φ¯(xi), (4.3)
where µ(x) and µd(x) are the spatially dependent chemical potentials bounded with the
adequate U(1)-gauge field. φ¯(xi) is a spatially dependent source for the accompanied with it
dual operator. The operator has a dimensional scaling ∆. For the brevity of the subsequent
notation we set the radius of AdS spacetime L equal to one.
The black brane event horizon Σ2, of defined topology, is situated at r = 0. Having in
mind the in-going coordinates
v = t+
ln r
4πT
+ . . . , (4.4)
the near-horizon expansions of the metric tensor components and fields are given by [13]
the following relations:
U(r) = r
(
4πT + U (1)r + . . .
)
, (4.5)
G(r, xi) = G
(0)(x) +G(1)(x)r + . . . , (4.6)
F (r, xi) = F
(0)(x) + F (1)r + . . . , (4.7)
gij = g
(0)
ij + g
(1)
ij r + . . . , (4.8)
at(r, xi) = r
(
a
(0)
t G
(0)(x) + a
(1)
t (x)r + . . .
)
, (4.9)
bt(r, xi) = r
(
b
(0)
t G
(0)(x) + b
(1)
t (x)r + . . .
)
, (4.10)
φ(r, xi) = φ
(0)(x) + φ(1)(x)r + . . . , (4.11)
with the auxiliary condition that G(0)(x) = F (0)(x).
– 9 –
4.1 Perturbed black brane
In the next step we turn on electric Maxwell Ea and auxiliary U(1)-gauge Ba fields, as
well as, temperature gradient ξ, in the spacetime under inspection, at fixed r-coordinate.
The black brane will riposte to our action. We shall restrict our attention to the linear
appropriate perturbations δgµν , δaµ, δbµ, and δφ. The linear perturbations of the metric
and fields are given by
δ
(
ds2
)
= δgαβ dx
αdxβ − 2t M ξadt dxa, (4.12)
δA = δaβ dx
β − t Eadxa + t N ξb dxb, (4.13)
δB = δbβ dx
β − t Badxa + t Nd ξb dxb, (4.14)
as well as the perturbation of scalar field, δφ. In what follows one supposes that δgµν , δaµ, δbµ,
and δφ are functions of (r, xm)-coordinates. On the other hand, Ea, Ba, ξi are functions
of xa. On the submanifold Σ2 we demand that E, B, ξ are closed one-forms, i.e.,
d
(
Emdx
m
)
= d
(
Bmdx
m
)
= d
(
ξmdx
m
)
= 0. (4.15)
These assumptions are of great importance when the submanifold has torus topology or
we consider n-dimensional black objects. For instance studying five-dimensional spacetime,
we have to consider torus topology of the event horizon for the so-called black ring, being
stationary axisymmetric black object solution. The closed form assumption enables us to
define potential and charges, i.e., calculating the Noether charges over the even horizon
we obtain constant value (potential) multiplied by the adequate charge [52]-[55]. Namely,
using the Hodge theorem, the closed p-form, in n-dimensions, can be rewritten on the event
horizon, as a sum of an exact and harmonic forms. An exact form does not contribute
to the equations because the equations of motion are satisfied. The harmonic part has
the only contribution. The duality between homology and cohomology concludes that
there is a harmonic dual form to the n − p − 1 cycle S, in the sense of the equality of
the adequate surface integrals. Then it follows that the surface term will be of the form
constant multiplied by the local charge.
In order to establish the form of the linearised perturbations, one has to take into
account that t-coordinate is no longer a good one at the black brane event horizon. The
regularity of the perturbations near r→ 0, requires that some restrictions should be imposed
on them. Consequently, at the black brane near-horizon area, when r → 0, for the leading
– 10 –
order, we obtain
δgtt = U(r)
(
δg
(0)
tt (xi) +O(r)
)
, δgtr = δg
(0)
tr (xi) +O(r), (4.16)
δgrr =
1
U(r)
(
δg(0)rr (xi) +O(r)
)
, δgij = δg
(0)
ij (xi) +O(r), (4.17)
δgti = δg
(0)
ti (xi)−GUξi
ln r
4πT
+O(r), δgri = 1
U(r)
(
δg
(0)
ri (xi) +O(r)
)
, (4.18)
δat = δa
(0)
t (xi) +O(r), δai =
ln r
4πT
(
− Ei +Nξi
)
+O(r), (4.19)
δar =
1
U(r)
(
δa(0)r (xi) +O(r)
)
, (4.20)
δbt = δb
(0)
t (xi) +O(r), δbi =
ln r
4πT
(
−Bi +Ndξi
)
+O(r), (4.21)
δbr =
1
U(r)
(
δb(0)r (xi) +O(r)
)
, (4.22)
Moreover, it turns out that the constraint on the leading order have to be imposed. Namely
one has that
δg
(0)
tt + δg
(0)
rr − 2δg(0)rt = 0, δg(0)ri = δg(0)ti , (4.23)
δa(0)r = δa
(0)
t , δb
(0)
r = δb
(0)
t . (4.24)
4.2 Electric currents
In order to define the thermoelectric currents and heat conductivity one needs to find quan-
tities in the bulk, which are identified with boundary currents. We have to pay attention to
the suitable Killing vector fields, as well as, the equations of motion to find the two-forms,
being subject to the divergence of the adequate coordinate equal to zero.
The electric currents will be associated with the radially independent components of
the equations (2.3) and (2.4), which in turn can be calculated everywhere in the bulk.
Because of the form the underlying equations they will constitute the mixture of the two
U(1)-gauge fields. Consequently for the current connected with Maxwell gauge field we
define
J i(F )(r) =
√−g
(
F ir +
α
2
Bir
)
, (4.25)
while the current bounded with the auxiliary U(1)-gauge field yields
J i(B)(r) =
√−g
(
Bir +
α
2
F ir
)
. (4.26)
On this account, having in mind relations for the background metric and components of
the gauge fields, it is customary to write
J i(F )(r) =
√
GFgd g
ij
d
[(
− ∂rat
FG
δgtj +
∂jat
FG
δgtr + ∂j(δar)
U
F
−
(
∂r(δaj) + t∂rN ξj
)U
F
)
+
α
2
(
− ∂rbt
FG
δgtj +
∂jbt
FG
δgtr + ∂j(δbr)
U
F
−
(
∂r(δbj) + t∂rNd ξj
)U
F
)]
. (4.27)
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and for the other current
J i(B)(r) =
√
GFgd g
ij
d
[(
− ∂rbt
FG
δgtj +
∂jbt
FG
δgtr + ∂j(δbr)
U
F
−
(
∂r(δbj) + t∂rNd ξj
)U
F
)
+
α
2
(
− ∂rat
FG
δgtj +
∂jat
FG
δgtr + ∂j(δar)
U
F
−
(
∂r(δaj) + t∂rN ξj
)U
F
)]
. (4.28)
In the equations (4.27) and (4.28) we restrict our attention to the linearised order of black
brane perturbations. Moreover the equations in question envisage that no time-dependent
terms are incorporated in them.
From the adequate equations of motion for Fµν and Bµν strength tensors, one can
deduce that for Maxwell field current we have the relation of the form
∇iJ i(F ) = 0, ∇rJ i(F ) = ∇j
[√−g(F ji + α
2
Bji
)]
, (4.29)
while for the auxiliary gauge, one achieves
∇iJ i(B) = 0, ∇rJ i(F ) = ∇j
[√−g(Bji + α
2
F ji
)]
. (4.30)
4.3 Heat current
In our set up we define the heat current supposing that kµ = (∂/∂t)µ is a time-like Killing
vector field [47, 48]. The general properties of Killing vector fields provide us the relation
∇µ∇νkµ = T νµkµ − k
ν T
d− 2 − 2
kνΛ
d− 2 , (4.31)
where T = Tµ
µ is the trace of the energy momentum tensor in the considered theory while
Λ stands for cosmological constant. The Killing vector symmetry conditions for the fields
appearing in our model enable us to write
LkFαβ = LkBαβ = Lkφ = 0. (4.32)
On the other hand, one has the following relations valid for arbitrary functions:
kµ Fµν = ∇νθ(F ), kµ Bµν = ∇νθ(B), (4.33)
where θ(F ) and θ(B) are arbitrary functions. By virtue of (2.3) and (2.4) and the equation
(4.32), one concludes that
kµ FµαF
ρα = ∇α
(
θ(F ) F
ρα
)
, kµ BµαB
ρα = ∇α
(
θ(B) B
ρα
)
, (4.34)
kµ FµγB
ργ + kµ BµαF
ρα = ∇δ
(
θ(F )B
νδ
)
+∇δ
(
θ(B)F
νδ
)
. (4.35)
Consequently with the above, we get the set of equations
kµ F ρνFρν = 4 ∇ρ
(
k[µF ρ]Aν
)
+ 2 LkAν Fµν , (4.36)
kµ BρνBρν = 4 ∇ρ
(
k[µBρ]Bν
)
+ 2 LkBν Bµν , (4.37)
kµ BρνFρν = 4 ∇ρ
(
k[µF ρ]Bν
)
+ 2 LkBν Fµν , (4.38)
kµ F ρνBρν = 4 ∇ρ
(
k[µBρ]Aν
)
+ 2 LkAν Bµν , (4.39)
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After some algebra, having in mind the equation (4.31), it can be found that
∇ρG˜νρ = −2 Λ k
ν
d− 2 , (4.40)
where the exact form of G˜νρ is given by
G˜νρ = ∇νkρ + 1
2
(
k[νF ρ]αAα
)
+
1
4
[(
ψ − 2θ(F )
)
F νρ
]
(4.41)
+
1
2
(
k[νBρ]αBα
)
+
1
4
[(
χ− 2θ(B)
)
Bνρ
]
+
α
4
[(
k[νBρ]αAα
)
+
(
k[νF ρ]αBα
)]
+
α
8
[(
ψ − 2θ(F )
)
Bνρ
]
+
α
8
[(
χ− 2θ(B)
)
F νρ
]
.
In the derivation of (4.41) we have used the following relations:
LkAα F να = ∇ρ
(
ψ F νρ
)
, LkBα Bνα = ∇ρ
(
χ Bνρ
)
, (4.42)
LkAα Bνα = ∇ρ
(
ψ Bνρ
)
, LkBα F να = ∇ρ
(
χ F νρ
)
, (4.43)
where we have denoted
ψ = Eαx
α, θ(F ) = −Eαxα − at, (4.44)
χ = Bαx
α, θ(B) = −Bαxα − bt. (4.45)
It can be observed that the G˜νρ tensor is antisymmetric and implies
∂ρ
(
2
√−g G˜νρ
)
= −2Λ
√−g kν
d− 2 . (4.46)
In what follows we shall use the two-form given by 2 G˜νρ, i.e., the heat current will be
defined as Qi = 2
√−g G˜νρ.
Consequently, at the linear oder for the perturbed system in question, we obtain
Qi =
G
3
2 U2√
F
√
gd g
ij
d
[
∂r
(δgtj
GU
)
− ∂j
(δgtr
GU
)]
− atJ i(F ) − btJ i(B). (4.47)
As in the case of gauge currents, the time-dependent terms are dropped out of the expression
for the heat current. The additional relations for the heat current Qi are
∇iQi = 0, ∇rQi = ∇j
(
2
√−g G˜νρ
)
. (4.48)
4.4 Currents on the black brane event horizon
Accordingly to the equations (4.27) and (4.28), restricting our calculations to the linearised
order of the perturbations we achieve the following currents on the black brane event hori-
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zon:
J
i(0)
(F ) = J
I
(F ) |H =
√
g(0)gij(0)
[(
∇j(δa(0)t ) + Ej − a(0)t δg(0)tj
)
(4.49)
+
α
2
(
∇j(δb(0)t ) +Bj − b(0)t δg(0)tj
)]
,
J
i(0)
(B) = J
I
(B) |H =
√
g(0)gij(0)
[(
∇j(δb(0)t ) +Bj − b(0)t δg(0)tj
)
(4.50)
+
α
2
(
∇j(δa(0)t ) + Ej − a(0)t δg(0)tj
)]
,
Qi(0) = Qi |H = −4π T
√
g(0)gij(0) δg
(0)
tj . (4.51)
By virtue of the equations (4.29)-(4.30) and (4.48), one has that for the perturbations at
the black object horizon we get
∇iJ i(0)(F ) = 0, ∇iJ
i(0)
(B) = 0, ∇iQi(0) = 0. (4.52)
5 Stokes equations for U(1)-gauge fluids
In this section we obtain the closed system of differential equations which describe the
conditions imposed on a subset of a linearised perturbations, i.e., δg
(0)
it , δg
(0)
rt , δa
(0)
t , δb
(0)
t ,
on the black brane event horizon. On this account, it is customary to write
∇i∇iw + ∇iEi +∇i
(
a
(0)
t v
i
)
+
α
2
[
∇m∇mwd +∇mBm +∇m
(
b
(0)
t v
m
)]
= 0, (5.1)
∇i∇iwd + ∇iBi +∇i
(
b
(0)
t v
i
)
+
α
2
[
∇m∇mw +∇mEm +∇m
(
a
(0)
t v
m
)]
= 0, (5.2)
b
(0)
t
[
∇iwd + Bi + α
2
(
∇iw + Ei
)]
+ a
(0)
t
[
∇iw + Ei + α
2
(
∇iwd +Bi
)]
(5.3)
− ∇iφ(0)∇mφ(0) vm + 2 ∇m∇(mvi) + 4πTξi −∇ip = 0,
∇ivi = 0, (5.4)
where we denoted
w = δa
(0)
t , wd = δb
(0)
t , p = −4πT
δg
(0)
rt
G(0)
− δg(0)it ∇i lnG(0), (5.5)
vi = −δg(0)it . (5.6)
Calculating the conserved current equations, ∇iJ i(0)(F ) = 0 and ∇iJ
i(0)
(B) = 0, on the event
horizon one can reach to the relations (5.1)-(5.2). On the other hand, when we take into
account the constraints Ci and C0, we arrive respectively at equation (5.3) and (5.4). The
covariant derivative ∇i appearing in this section is bounded with the metric g(0)ij , on the
black brane event horizon. The relations (5.1)-(5.4) constitute a generalisation of the forced
Stokes equations for charged U(1)-gauge fluids, described on the brane event horizon.
In the case of a
(0)
t = b
(0)
t = w = wd = Ei = Bi = 0 and constant scalar field, one reaches
the Stokes equations describing fluid with velocity vi, pressure p, and the additional forcing
term of the form as 4πTξi. As in the previously studied Einstein-Maxwell scalar case [13],
we also have the viscosity factor given by ∇iφ(0)∇mφ(0) vm.
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It can be remarked that taking the divergence of the equation (5.3) and having in mind
the remaining relations, we arrive at the pressure Poisson equation, being the generalisation
of the one derived in [13]. Namely, it is provided by the following expression:
∇m∇mp = ∇j
[
b
(0)
t
(
∇jwd +Bj + α
2
(
∇jw + Ej
))
+ a
(0)
t
(
∇jw + Ej + α
2
(
∇jwd +Bj
))
− ∇jφ(0)∇mφ(0)vm + 4πTξj + 2Rjmvm. (5.7)
On the other hand, multiplication of (5.3) and integration of the resulting expression over
the black brane event horizon reveal
∫ √
g(0)d2x
[
2∇(ivj)∇(ivj) +
(
∇iw + Ei
)(
∇iw + Ei
)
+
(
∇iwd +Bi
)(
∇iwd +Bi
)
α
(
∇iw + Ei
)(
∇iwd +Bi
)
+ vm∇mφ(0)∇jφ(0)vj
]
(5.8)
=
∫
d2x
[
Qi(0)ξi + J
i(0)
(F )Ei + J
i(0)
(B)Bi
]
.
Having in mind the non-compactness of the event horizon and assuming the disappearance
of the emerging surface terms, the above equation reveals the fact that its left-hand side is
positive, which in turn implies the positivity of the thermoelectrical conductivities bounded
with the two U(1)-gauge and scalar fields, emerging on the right-hand side of (5.8).
As far as the uniqueness of the above set of equations (5.1)-(5.4) is concerned, let us
suppose that we have two solutions of this set subject to the same boundary and regularity
conditions. The differences of them will be denoted as v˜i = v
(1)
i −v(2)i , w˜ = w(1)−w(2), w˜d =
w
(1)
d − w
(2)
d , p˜ = p
(1) − p(2). They will satisfy the equation with ξi = Ei = Bi = 0. Just
using the relation (5.8) one obtains
∇(iv˜j) = 0, ∇iw˜ = 0, ∇iw˜d = 0, v˜i∇iφ(0) = 0. (5.9)
Equations (5.1) and (5.2) reveal that the Lie derivatives with respect to vm taken from a
(0)
t
and b
(0)
t are equal to zero, i.e.,
Lvma(0)t = 0, Lvmb(0)t = 0, (5.10)
while the relation (3.9) leads to the condition ∇ip˜ = 0. Having all these in mind one may
conclude that the solution of Stokes equation is unique up to the Killing vectors of the
black brane event horizon line element, with p˜, w˜, w˜d constant and δg
(0)
rt described by the
equation (5.5).
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The aforementioned set of equation can be derived by varying the following functional:
S =
∫ √
g(0)d4x
[
−∇(ivj)∇(ivj) + 4πTξmvm −
1
2
vi∇iφ(0) vk∇kφ(0) + p ∇mvm
+ Ei
(
a
(0)
t v
i +∇iw
)
+
1
2
EmE
m +
α
2
Ei
(
b
(0)
t v
i +∇iwd
)
+
α
2
EkB
k (5.11)
+ Bi
(
b
(0)
t v
i +∇iwd
)
+
1
2
BmB
m +
α
2
Bi
(
a
(0)
t v
i +∇iw
)
+
1
2
(
b
(0)
t v
i +∇iwd
)(
b
(0)
t vi +∇iwd
)
− 1
2
b
(0)
t
2
vmv
m
+
1
2
(
a
(0)
t v
i +∇iw
)(
a
(0)
t vi +∇iw
)
− 1
2
a
(0)
t
2
vmv
m
+
α
2
[1
2
(
b
(0)
t v
i +∇iw
)(
b
(0)
t vi +∇iwd
)
− 1
2
b
(0)
t
2
vmv
m
]
+
α
2
[1
2
(
a
(0)
t v
i +∇iwd
)(
a
(0)
t vi +∇iwd
)
− 1
2
a
(0)
t
2
vmv
m
]]
.
It happens that the pressure appears here as the Lagrange multiplier, giving the in-
compressibility condition. The rest of the relations in question can be found by varying
with respect to vi, w and wd. Moreover, variations of (5.11) with respect to Ei, Bi and
ξi give us appropriate currents of gauge fields and heat, counted on the black brane event
horizon.
Further, having in mind the fact that Ei, Bi, ξi can be described as closed differential
forms, and consequently they are locally defined as
E = ∇me dxm, B = ∇mb dxm, ξ = ∇mz dxm, (5.12)
the studied differential system of equation can be rewritten in order to eliminate source
terms. Namely, defining the quantities
w˜ = w + e, w˜d = wd + b, p˜ = p− 4πTz, (5.13)
the equations (5.1)-(5.4) have the forms as follows:
∇i∇iw˜ + ∇i
(
a
(0)
t v
i
)
+
α
2
[
∇m∇mw˜d +∇m
(
b
(0)
t v
m
)]
= 0, (5.14)
∇i∇iw˜d + ∇i
(
b
(0)
t v
i
)
+
α
2
[
∇m∇mw˜ +∇m
(
a
(0)
t v
m
)]
= 0, (5.15)
b
(0)
t
(
∇iw˜d + α
2
∇iw˜
)
+ a
(0)
t
(
∇iw˜ + α
2
∇iw˜d
)
(5.16)
− ∇iφ(0)∇mφ(0) vm + 2 ∇m∇(mvi) −∇ip˜ = 0,
∇ivi = 0. (5.17)
6 One-dimensional Q-lattice case
The purpose of this section is to elaborate the example of holographic lattice for which one
solves the previously derived Stokes equations and finds the DC thermoelectric conductiv-
ities. We shall be interested in the influence of the field from the hidden sector, as well as,
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the dependence of the conductivities on α-coupling constant appearing in the mixing term,
on the physics of this phenomena.
In what follows we shall study the line element of black brane which breaks the spatial
translation symmetry in one-dimension, on the black object event horizon. Namely, let
us suppose that the event horizon metric tensor depends only on x-coordinate and the
two-dimensional line element implies
ds2(2) = γ(x)dx
2 + λ(x)dy2. (6.1)
In the next step one tries to solve equations (5.3)-(5.4) in the aforementioned background.
The incompressibility condition described by (5.4) yields the following relation:
vi =
1√
γ(x)λ(x)
v0, (6.2)
where v0 is constant.
On the other hand, the Stokes equation can be rewritten in the form as
1√
g(0)
(
b
(0)
t J
i(0)
(B) + a
(0)
t J
i(0)
(F )
)
− vi
(
a
(0)2
t + α a
(0)
t b
(0)
t + b
(0)2
t
)
(6.3)
− ∇iφ(0)∇mφ(0)vm + 2∇m∇(mvi) −∇ip = −4πTξi
The Stokes equation and the relation describing currents for the two U(1)-gauge fields,
are implemented to describe the functions w, wd and p. As we consider the periodic
functions, one has to have that the expressions for ∂xw, ∂xwd, ∂xp have no zero modes on
the considered submanifold. In turn this requirement imposes the constraints on J
x(0)
(F ) , J
x(0)
(B)
and v0. As in [13], we find these restrictions by averaging the equations over the periodic
lattice.
Before proceeding to this task let us find the exact forms of the gauge currents and the
Stokes equation in the two-dimensional submanifold. The U(1)-gauge currents are provided
by the following relations:
J
x(0)
(F ) =
√
λ(x)
γ(x)
[(
∂xw + Ex +
√
γ(x)
λ(x)
a
(0)
t v0
)
+
α
2
(
∂xwd +Bx +
√
γ(x)
λ(x)
b
(0)
t v0
)
, (6.4)
J
x(0)
(B) =
√
λ(x)
γ(x)
[(
∂xwd +Bx +
√
γ(x)
λ(x)
b
(0)
t v0
)
+
α
2
(
∂xw + Ex +
√
γ(x)
λ(x)
a
(0)
t v0
)
, (6.5)
while the heat current implies
Qi(0) = 4πT v0. (6.6)
Consequently the Stokes equation can be rewritten as
v0 ∂x
(
γ−
1
2∂x(λ
−
1
2 )
)
− Y v0 +
√
γ(x)
λ(x)
(
b
(0)
t J
i(0)
(B) + a
(0)
t J
i(0)
(F )
)
− ∂xp = −4πT ξx, (6.7)
where one denotes by Y the quantity which yields
Y =
(∂xφ)
2√
λ(x)γ(x)
+ a
(0)2
t + α a
(0)
t b
(0)
t + b
(0)2
t +
1
4λ(x)
5
2γ(x)
1
2
(∂xλ(x))
2v0. (6.8)
– 17 –
Averaging the Stokes equation (6.7) over one-dimensional lattice with a period L1, leads to
the following:
v0 =
1
A
[(
Bx +
α
2
Ex
) ∫
dx
√
γ(x)
λ(x)
b
(0)
t +
(
Ex +
α
2
Bx
)∫
dx
√
γ(x)
λ(x)
a
(0)
t
+ 4πT ξx
∫
dx
√
γ(x)
λ(x)
]
, (6.9)
where one sets
A =
∫
dx
√
γ(x)
λ(x)
∫
dx Y −
(∫
dx
√
γ(x)
λ(x)
a
(0)
t
)2
−
( ∫
dx
√
γ(x)
λ(x)
b
(0)
t
)2
(6.10)
− α
( ∫
dx
√
γ(x)
λ(x)
a
(0)
t
) (∫
dx
√
γ(x)
λ(x)
b
(0)
t
)
,
where for the brevity of the future notion we set∫
dx↔ 1
L1
∫ L1
0
dx. (6.11)
By virtue of the same procedure that we followed above, we arrive at the relations for
Maxwell current J
x(0)
F
J
x(0)
(F ) =
1
A
[(
Ex +
α
2
Bx
)[ ∫
dx Y −
∫
dx
√
γ(x)
λ(x)
b
(0)
t
(
b
(0)
t +
α
2
a
(0)
t
)]
(6.12)
+ 4πT ξx
∫
dx
√
γ(x)
λ(x)
(
a
(0)
t +
α
2
b
(0)
t
)
+
(
Bx +
α
2
Ex
)∫
dx
√
γ(x)
λ(x)
b
(0)
t
(
a
(0)
t +
α
2
b
(0)
t
)]
,
and respectively for J
x(0)
B
J
x(0)
(B) =
1
A
[(
Bx +
α
2
Ex
)[ ∫
dx Y −
∫
dx
√
γ(x)
λ(x)
a
(0)
t
(
a
(0)
t +
α
2
b
(0)
t
)]
(6.13)
+ 4πT ξx
∫
dx
√
γ(x)
λ(x)
(
b
(0)
t +
α
2
a
(0)
t
)
+
(
Ex +
α
2
Bx
)∫
dx
√
γ(x)
λ(x)
a
(0)
t
(
b
(0)
t +
α
2
a
(0)
t
)]
.
For the heat current one finds the relation as in equation (6.6), where v0 is given by the
equation (6.9).
It can be pointed out that in the limit when α = 0, b
(0)
t = 0, Bx = 0, one receives the
relations presented in [13], for the case of Einstein-Maxwell scalar theory.
6.1 Kinetic and transport coefficients in one-dimensional case
In our model, the general form of the kinetic coefficient matrix may be written as

J
i(0)
(F )
J
i(0)
(B)
Qi(0)

 =


σij (FF ) σ
i
j (FB)
αij (F )T
σij (BF ) σ
i
j (BB)
αij (B)T
αij (F )T α
i
j (B)
T κijT



E
j
Bj
ξj

 . (6.14)
– 18 –
The relation (6.14) will hepl us to find their exact form for one-dimensional Q-lattice case.
Namely, combining the equations (6.6), (6.9), (6.12)-(6.13) and using the relation (6.14),
we obtain the required explicit form of the kinetic coefficients in the case of one-dimensional
lattice. They are provided by
σFF =
1
A
[ ∫
dx Y − α˜
∫
dx
√
γ(x)
λ(x)
b
(0)2
t
]
, (6.15)
σFB =
1
A
[α
2
∫
dx Y + α˜
∫
dx
√
γ(x)
λ(x)
a
(0)
t b
(0)
t
]
, (6.16)
σBF =
1
A
[α
2
∫
dx Y + α˜
∫
dx
√
γ(x)
λ(x)
a
(0)
t b
(0)
t
]
, (6.17)
σBB =
1
A
[ ∫
dx Y − α˜
∫
dx
√
γ(x)
λ(x)
a
(0)2
t
]
, (6.18)
α(F ) =
4π
A
∫
dx
√
γ(x)
λ(x)
(
a
(0)
t +
α
2
b
(0)
t
)
, (6.19)
α(B) =
4π
A
∫
dx
√
γ(x)
λ(x)
(
b
(0)
t +
α
2
a
(0)
t
)
, (6.20)
κ =
(4π)2T
A
∫
dx
√
γ(x)
λ(x)
, (6.21)
where α˜ = 1− α24 .
The form of the kinetic and transport coefficients (6.15)-(6.21) envisage the strong
influence of the auxiliary U(1)-gauge field and the coupling constant α on their structure.
6.2 Generalisation of the Sachdev model of the Dirac fluid
The analysis presented in this subsection is addressed the the question about the connections
of the described model with the results presented in [36], where the holographic two current
model of Dirac fluid in graphene, has been presented. On the other hand, the generalisation
for the case of two interacting U(1)-gauge currents were performed, for holographic four
[47] and five-dimensional models [48].
In this subsection we shall find how the aforementioned results can be found in the
Stokes equations. We suppose, for simplicity, that the submanifold will be R2 one with flat
metric described by line element ds2(2). We set that γ(x) = λ(x) = 1.
The total electric current will be the sum of the visible and hidden sector currents
Jx(0) = J
x(0)
(F ) + J
x(0)
(B) , (6.22)
while the electric conductivity is provided by
σ = σFF + σFB + σBF + σBB . (6.23)
– 19 –
On the other hand, the gauge and heat currents are provided by
J
x(0)
(F ) = Ex
1
A
∫
dx
[
(∂xφ)
2 +Q2F
]
+Bx
1
A
∫
dx
[α
2
(∂xφ)
2 +QF QB
]
+ 4π Tξx
1
A
∫
dx QF , (6.24)
J
x(0)
(B) = Bx
1
A
∫
dx
[
(∂xφ)
2 +Q2B
]
+Ex
1
A
∫
dx
[α
2
(∂xφ)
2 +QF QB
]
(6.25)
+ 4π Tξx
1
A
∫
dx QB, (6.26)
Qx(0) = 4π TEx
1
A
∫
dx QF + 4π TBx
1
A
∫
dx QB +
(
4πT
)2 1
A
∫
dx, (6.27)
where in order to have the more transparent connection with the results presented in [47, 48],
we set
QF = a
(0)
t +
α
2
b
(0)
t , (6.28)
QB = b
(0)
t +
α
2
a
(0)
t . (6.29)
As in [47], let us suppose that the two charges will be connected by the relation
b
(0)
t = g a
(0)
t , (6.30)
where g is a number. The definitions of QF and QB enable us to find that
QF =
(
1 +
α
2
g
)
a
(0)
t , QB =
(
g +
α
2
g
)
a
(0)
t . (6.31)
Consequently the electrical conductivity is given by
σ =
1
A
∫
dx
[(
1 + α
)
(∂xφ)
2 +
(
1 +
α
2
)2(
1 + g
)2
a
(0)2
t
]
. (6.32)
If we define Q = QF +QB, the above relation for σ reduces to the form as
σ =
1
A
∫
dx
[(
1 + α
)
(∂xφ)
2 +Q2
]
. (6.33)
One can see that we have a very good agreement with the results achieved in [47] and what
it is more in the Stokes equations attitude, one has the explicit presence of the scalar field
(influenced on the the electric conductivity) responsible for the dissipation processes. It is
given by the square of its derivative with respect to the spatial coordinate x.
6.2.1 Absence of hidden sector fields
To proceed further, in this subsection we shall elaborate the specific choice of matter fields
for the one-dimensional periodic lattice. Our main aim will be to find kinetic coefficients
generated by the aforementioned matter fields. To commence with we shall choose the case
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of the nonexistence of hidden sector fields, i.e., α = 0, b
(0)
t = 0, Bx = 0. One has that for
this definite option, we obtain the currents are equal to the following expressions:
J
x(0)
(F ) =
1
Avis
[
Ex
∫
dx Yvis + 4πT ξx
∫
dx
√
γ(x)
λ(x)
a
(0)
t
]
, (6.34)
J
x(0)
(B) = 0. (6.35)
where one sets
v0(vis) =
1
Avis
[
Ex
∫
dx
√
γ(x)
λ(x)
a
(0)
t + 4πT ξx
∫
dx
√
γ(x)
λ(x)
]
, (6.36)
Avis =
∫
dx
√
γ(x)
λ(x)
∫
dx Yvis −
( ∫
dx
√
γ(x)
λ(x)
a
(0)
t
)2
, (6.37)
Yvis =
(∂xφ)
2√
λ(x)γ(x)
+ a
(0)2
t +
1
4λ(x)
5
2γ(x)
1
2
(∂xλ(x))
2 v0(vis). (6.38)
A comparison of the equation (6.14), (6.34)-(6.35) reveals the DC thermoelectric coefficients
as follows:
We obtain the following kinetic coefficients:
σFF =
1
Avis
∫
dx Yvis, (6.39)
σFB = σBF = 0, (6.40)
σBB = 0, (6.41)
α(F ) =
4π
Avis
∫
dx
√
γ(x)
λ(x)
a
(0)
t , (6.42)
α(B) = 0, (6.43)
κ =
(4π)2T
Avis
∫
dx
√
γ(x)
λ(x)
, (6.44)
As it should be expected, we have obtained the results presented in [13] for Einstein-Maxwell
scalar gravity with non-zero potential. We have reached the anticipated limit of our model.
6.3 Absence of the visible sector
The next case will be concerned with studies of the only hidden sector fields on the ther-
moelectric properties. We assume that a
(0)
t = 0, Ex = 0. In this case one gets
J
x(0)
(F ) =
1
Ahid
[α
2
Bx
∫
dx Yhid + 4πT ξx
∫
dx
√
γ(x)
λ(x)
α
2
b
(0)
t
]
, (6.45)
and respectively for J
x(0)
B
J
x(0)
(B) =
1
Ahid
[
Bx
∫
dx Yhid + 4πT ξx
∫
dx
√
γ(x)
λ(x)
b
(0)
t
]
, (6.46)
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with the other quantities defined as
v0(hid) =
1
Ahid
(
Bx
∫
dx
√
γ(x)
λ(x)
b
(0)
t + 4πT ξx
∫
dx
√
γ(x)
λ(x)
)
, (6.47)
Ahid =
∫
dx
√
γ(x)
λ(x)
∫
dx Yhid −
(∫
dx
√
γ(x)
λ(x)
b
(0)
t
)2
, (6.48)
Yhid =
(∂xφ)
2√
λ(x)γ(x)
+ b
(0)2
t +
1
4λ(x)
5
2 γ(x)
1
2
(∂xλ(x))
2 v0(hid). (6.49)
In the considered case of hidden sector fields the DC coefficients reduce to the forms
σFF = 0, (6.50)
σFB =
1
Ahid
α
2
∫
dx Yhid, (6.51)
σBF = 0, (6.52)
σBB =
1
Ahid
∫
dx Yhid, (6.53)
α(F ) =
4π
Ahid
∫
dx
√
γ(x)
λ(x)
α
2
b
(0)
t , (6.54)
α(B) =
4π
Ahid
∫
dx
√
γ(x)
λ(x)
b
(0)
t , (6.55)
κ =
(4π)2T
Ahid
∫
dx
√
γ(x)
λ(x)
. (6.56)
It is interesting to notice that despite of the absence of the visible sector fields, we get
non-zero values of σFB and α(F ), all of them proportional to the α-coupling constant. This
situation has its roots in the definition of the gauge currents, in which we have both visible
and hidden sector fields.
6.3.1 Non-interacting gauge fields
In this case we neglect the interaction between two U(1)-gauge fields. Namely we put
α-coupling constant equal to zero. For the studied case one has
J
x(0)
(F ) =
1
Aα=0
[
Ex
[ ∫
dx Yα=0 −
∫
dx
√
γ(x)
λ(x)
b
(0)2
t
]
(6.57)
+ 4πT ξx
∫
dx
√
γ(x)
λ(x)
a
(0)
t +Bx
∫
dx
√
γ(x)
λ(x)
b
(0)
t a
(0)
t
]
,
and respectively for J
x(0)
B
J
x(0)
(B) =
1
Aα=0
[
Bx
[ ∫
dx Yα=0 −
∫
dx
√
γ(x)
λ(x)
a
(0)2
t
]
(6.58)
+ 4πT ξx
∫
dx
√
γ(x)
λ(x)
b
(0)
t + Ex
∫
dx
√
γ(x)
λ(x)
a
(0)
t b
(0)
t
]
.
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where we denoted
v0(α = 0) =
1
Aα=0
[
Bx
∫
dx
√
γ(x)
λ(x)
b
(0)
t + Ex
∫
dx
√
γ(x)
λ(x)
a
(0)
t
+ 4πT ξx
∫
dx
√
γ(x)
λ(x)
]
, (6.59)
Aα=0 =
∫
dx
√
γ(x)
λ(x)
∫
dx Yα=0 −
( ∫
dx
√
γ(x)
λ(x)
a
(0)
t
)2
−
(∫
dx
√
γ(x)
λ(x)
b
(0)
t
)2
, (6.60)
Yα=0 =
(∂xφ)
2√
λ(x)γ(x)
+ a
(0)2
t + b
(0)2
t +
1
4λ(x)
5
2 γ(x)
1
2
(∂xλ(x))
2 v0(α = 0). (6.61)
The thermoelectric coefficients satisfy the relations
σFF =
1
Aα=0
[ ∫
dx Yα=0 −
∫
dx
√
γ(x)
λ(x)
b
(0)2
t
]
, (6.62)
σFB = σBF =
1
Aα=0
∫
dx
√
γ(x)
λ(x)
a
(0)
t b
(0)
t , (6.63)
σBB =
1
Aα=0
[ ∫
dx Y −
∫
dx
√
γ(x)
λ(x)
a
(0)2
t
]
, (6.64)
α(F ) =
4π
Aα=0
∫
dx
√
γ(x)
λ(x)
a
(0)
t , (6.65)
α(B) =
4π
Aα=0
∫
dx
√
γ(x)
λ(x)
b
(0)
t , (6.66)
κ =
(4π)2T
Aα=0
∫
dx
√
γ(x)
λ(x)
. (6.67)
In this case we achieve the full matrix of DC coefficients, with the equality σFB = σBF .
As a general remark one finds that the form of κ is the same in all cases (of course up
to the concrete meaning of A, Y, v0).
7 Summary and conclusions
In our paper we have studied the DC thermoelectric conductivities for the holographic model
of Dirac semimetals. Our attitude to the problem was to implement the top-down procedure,
i.e., we started from fully quantum, consistent theory like string/M-theory, which ensured
us that the predictions revealing from the holographic correspondence were physical.
The gravity theory in AdS spacetime includes two U(1)-gauge fields. One of them is
the ordinary Maxwell field, while the other is connected with the hidden sector. Both fields
interact with themselves via kinetic mixing term. Our main aim is to have an insight into
the role of the auxiliary gauge field and α-coupling constant on the physics.
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We search for the black brane response to the electric fields connected with the two
U(1)-gauge fields and temperature gradient. The foliation by hypersurfaces of constant
radial coordinate enables us to derive the exact form of the Hamiltonian and equations of
motion in the considered phase space. On the other hand, an inspection of the Hamiltonian
constraints authorises, to the leading order expansion of the linearised perturbations at
the black brane event horizon, the derivation of Stokes equations for incompressible doubly
charged fluid. Solving the aforementioned equations, one arrives at the DC conductivities
for the holographic Dirac semimetals.
We also address the question how the considered formalism of Stokes equations recon-
structs the previously obtained results in the holographic two current models [36, 47, 48].
Supposing that the visible sector charge is proportional to the hidden sector one, we de-
rive the relation describing electric conductivity. It is in a very good agreement with the
preceding ones.
As an example of the derived formalism we studied the case of one-dimensional periodic
lattice, taking into account visible, hidden sector fields and the non-interacting gauge fields.
In the first case we arrive at the relations derived in [13], confirming the right limit of
our model. On the other hand, the inspection of the hidden sector fields reveals that some
kinetic coefficients bounded with the Maxwell field survives, i.e., σFB, α(F ) are not equal to
zero. One can explain this fact having in mind the adequate definitions, where the mixture
of visible and hidden sector fields takes place. The outlasted thermoelectric conductivities
are proportional to α-coupling constant. In the case of non-interacting gauge fields we
obtained the full matrix of the conductivities. It is interesting to notice that κ-coefficient,
in all the elaborated examples, has the same form (up to the concrete meaning of A, Y, v0).
As far as the new directions for the further explorations is concerned, the non-linear
time-dependent Navier-Stokes equations at the black object event horizon, seems to be
a natural generalisation of the researches. They should in principle give information for
dual CFT, connected with AC thermoelectric conductivities and the influence of the hidden
sector on the time-dependent phenomena. On the other hand, inclusion of magnetic fields,
both ordinary and connected with auxiliary gauge field, should have its imprint in the
physics. We hope to pay attention to the problems in question elsewhere.
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